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Abstract—The covariance matrix for an array associated with
a stationary space-time process is completely determined by the
individual element locations, the directional responses of those
elements, and the spatial spectrum of the process. Assuming the
process is stationary in both time and space, there is a well-
defined Fourier transform relationship between the elements of
the covariance matrix and the spatial spectrum. An estimate of
the covariance matrix can be determined from an estimate of
the spatial spectrum. This paper compares the performance of
adaptive beamformers derived from such structured covariance
matrices with those based on the standard sample covariance
matrix. Simulations illustrate the performance of this approach
for both interference and noise only and correlated signal and
interference cases.

I. INTRODUCTION

A spatially and temporally stationary space-time process can
be modeled as uncorrelated plane waves arriving at the array
distributed in power as a function of angle of arrival. We
refer to this distribution as the spatial spectrum, G(ω, φ, θ),
where {φ, θ } are elevation and azimuth, respectively. The
spatial spectrum may contain impulsive components, corre-
sponding to discrete plane waves, and a continuous compo-
nent, GC(ω, φ, θ), corresponding to the smooth portion of the
spectrum. For mixed spectra of this type containing K discrete
plane waves with individual powers, Pk, and a continuous
background component we can write

G(~u, ω) =
K∑
k=1

Pkδ(~u− ~uk, ω) +GC(~u, ω) , (1)

where ~u is a unit directional vector in 2 or 3 dimensions
depending on the problem. For simplicity we assume a narrow
band process at ω0, and drop the depdendence on ω0, i.e.,
G(~u, ω)→ G(~u).

For a linear array with omni-directional sensors and half-
wavelength element spacing, the corresponding covariance
matrix R can be completely specified in terms of the individual
element positions and the spatial spectrum, G(~u) as follows.
We can express the ath row, bth column entry in R as R(a, b)

R(a, b) = S(ω0)
ˆ
~U

G(~u)ej(ω0/c)~u
T ∆p d~u , (2)

where ~U contains all angles of arrival, and ∆p = pa − pb,
the difference in position between the elements. Eq. (2) may

be a multi-dimensional integral depending on the problem.
Here S(ω0) is a scale factor that relates the normalized spatial
spectrum G(~u) to an absolute power level seen at the array. It
is included for completeness, but such a scale factor does not
impact adaptive beamformer weight design, therefore it can
be ignored.

One could estimate the spatial spectrum, and then use Eq.
(2) to estimate the corresponding covariance matrix. Given
this estimate, it is possible to apply a large number of stan-
dard adaptive beamforming design algorithms. Much of the
research in array processing has centered on using the sample
covariance matrix, or diagonally loaded sample covariance
matrix, either explicitly or implicitly, to do the same thing.
Why consider this alternate approach? The reason is that the
covariance matrix for this type of problem exhibits structure
due to the spatial stationarity of the process and the array
geometry. Processors that use structured covariance estimates
have been shown to converge more quickly than processors
that rely on the standard sample covariance [1], [2], making
them attractive for use in non-stationary environments.

In array processing, many algorithms such as MVDR and
MUSIC rely on estimates of the covariance matrix prior to
estimating the spatial spectrum. As such they do not lend
themselves to the use of Eq. (2) for estimating the covariance
matrix. We can, however, apply classical power spectral esti-
mation techniques to the problem without forming an estimate
of the covariance matrix first. In particular, the windowed
averaged periodogram is a well known technique [3]. The
lesser known multitaper spectral estimation (MTSE) method of
Thomson [4] accommodates mixed spectra using a harmonic
analysis procedure. MTSE has the additional advantage that it
is designed for situations where available data is minimal.

II. PLANE WAVES IN NOISE MODEL

Consider an N element array observing a narrowband
space-time process, x(t,p), consisting of K discrete sources
with respective powers, Pk, and array manifold response
vectors, vk, along with a smooth background noise component
which is spatially spread across the visible region of the array.
The snapshot model for this scenario can be expressed as

c© Copyright SS&C Conference Corporation 2009. All Rights Reserved.
To be published in the Conference Record of the 43rd Asilomar Conference on Signals, Systems and Computers, 2009.

1



xm =
∑K
k=1 vkak(m) + nm

= Vam + nm .

(3)

We assume that snapshots are independent, and that the indi-
vidual amplitudes, ak(m), are zero-mean complex Gaussian,
CN(0, Pk). The covariance matrix for this model is given as

R = E
{
xmxHm

}
= VPVH + Rn ,

(4)

where P = E
{
amaHm

}
is the covariance of the plane

wave amplitudes. When the plane waves are uncorrelated,
P = diag (P1, P2, · · · , PK ), otherwise the off diagonal
terms represent the covariance of two of the plane waves,
respectively, P (a, b) =

√
PaPbρa,b. Rn = E

{
nmnHm

}
is

the covariance for the background noise.
If the spatial spectrum, G(~u), were available, it could be

used to estimate the covariance. Using Eq. (1) in Eq. (2)

R(a, b) = S
′
(ωc)

[∑K
k=1 Pke

j(ωc/c)~u
T
k pae−j(ωc/c)~u

T
k pb

+
´
~U
GC(~u)ej(ωc/c)~u

T ∆pd~u
]

= S
′
(ωc)

[∑K
k=1 Pkvk(a)v∗k(b)

+
´
Ũ
GC(~u)ej(ωc/c)~u

T ∆pd~u
]
.

(5)
In matrix form, Eq. (5) becomes R =
S

′
(ωc)

[
VPVH + Rn

]
, where P =

diag (P1, P2, · · · , PK ). This is another way of relating that
the spatial spectrum corresponds to the uncorrelated plane
waves in noise model. Note that even if the snapshot data,
xm, contains correlation among the plane wave components,
a covariance matrix estimated using Eq. (2) will not.

III. MULTITAPER SPECTRAL ESTIMATION

Using Eq. (2) requires an estimate of the spatial spectrum,
in particular one that can be determined directly from the data
without first forming the covariance matrix. Classical methods
such as weighted, overlapped, segment averaged (WOSA) [3]
may be applied, but inherently must deal with issues of resolu-
tion, bias, and spectral leakage. Thomson’s multitaper spectral
estimation [4] offers a related technique that is attractive for
several reasons. First, it is designed to operate with very little
data, as low as a single snapshot. This makes it especially
valuable for use in non-stationary environments. Second, it
incorporates a technique for harmonic analysis that allows it
to effectively deal with impulsive components, e.g. discrete
plane waves, that cause difficulty for classical methods when
encountering mixed spectra.

A. Using Multiple Tapers

Several sources describe the development of multiple taper
spectral estimation, including Thomson’s original paper [4],
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Figure 1. The general form of multi-taper spectral estimation also en-
compasses traditional weighted overlapped, segment averaged (WOSA) tech-
niques. The upper left plot shows a time series divided into four non-
overlapping segments using a Hann window. The upper right shows the same
time series with four orthogonal windows. Both provide an improvement in
estimate variance via averaging by a factor of 4, but the windows on the right
use all the sample data in each estimate. Also, as seen in the lower plot,
the frequency resolution is improved compared to the four Hann window
approach. A single Hann window has better resolution, but does not achieve
any averaging.

the text by Percival and Walden [7], and the discussion
of quadratic estimators of power spectrum in [8]. Here we
illustrate some of the basic differences in comparison with
WOSA techniques. We will consider the framework in the
context of a discrete time random process. Extension to space-
time random processes follows naturally.

Given a finite observation of a stationary random process,
the objective is to estimate the power contained in a particular
band of frequencies, Pα =

´
α
Sx(f)df . The variance of the

estimate can be improved by obtaining and combining inde-
pendent estimates. Thomson termed these individual power es-
timates eigenspectra, as their formulation comes about within
the context of an eigenvalue problem for an approximate
solution for Pα. The dth eigenspectra is a function of the
data weighted by a window (or taper), wd(f), i.e.,

Ŝ
(mt)
d (f) =

∣∣wH
d (f)x

∣∣2 . (6)

The form of the multitaper estimate then consists of a two
step process. First, determine the best set of D tapers for a
specified region of interest, α. For uniform sampled time series
this results in solving an eigenvalue problem, with the solution
being the Slepian sequences, also known as the discrete pro-
late spheriodal sequences (DPSS). For non-uniform sampling
(or array geometry) the optimization becomes a generalized
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Figure 2. Harmonic analysis is the process of detecting line components
and subtracting them out to estimate the residual continuous background
spectrum. The upper plot shows the original MTSE spectrum for the case
one 64 sample snapshot containing 3 discrete tones in noise. Similar to a
classical windowed periodogram, the tone locations exhibit wide widths, with
the left-most two overlapping. The lower plot shows the final MTSE spectrum
post harmonic analysis (line components are added back in artificially based
on estimated parameters, see [4], [18]). The resultant spectrum shows much
lower variance of the background noise spectrum compared with a Hanning
window periodogram.

eigenvalue problem [9]. Sets of windows determined this way
differ from the effective set of multiple windows used when
averaging classical non-overlapping windowed periodograms.
Figure 1 illustrates the multitaper solution. The individual
eigenspectra are then combined with a set of weights, bd(f),
to form the final estimate

Ŝ(mt)(f) =
D∑
d=1

bd(f)Ŝ(mt)
d (f) . (7)

The weights, bd(f), may be fixed (optimal for a white spec-
trum) or determined adaptively. Both approaches are discussed
in [4], [7].

B. Harmonic Analysis

Harmonic analysis is the process of detecting line compo-
nents within a mixed spectrum and subtracting them out in or-
der to estimate the residual continuous background spectrum.
A line component with frequency f produces a non-zero mean
component in the eigenspectra at f . Defining a vector based
upon the mean value of the D tapers,

W0(f) =

[
N−1∑
n=0

w1(f),
N−1∑
n=0

w2(f), · · · ,
N−1∑
n=0

wD(f)

]T
,

(8)
we can define a projection matrix PW (f) for the subspace
spanned by W0(f), and a corresponding projection matrix
PW⊥(f) for the nullspace. The presence of a line component
at f can be determined for a single snapshot using the

CFAR matched subspace filter of Scharf [11], or for M
multiple snapshots its extension developed by Jin [12], which
effectively computes power in the line component subspace
divided by power outside the subspace. Defining the inner
product of the tapers and the snapshot data as

Xd,m(f) = [ w1(f), w2(f), · · · , wD(f) ]H xm , (9)

the CFAR detection statistic, F defined below, can be for-
mulated and compared to an appropriate threshold, γ, to
determine the presence of a line component.

F =

∑M
m=1 XH

d,mPWXd,m∑M
m=1 XH

d,mPW⊥Xd,m

H1

≷
H0

γ (10)

As illustrated in the example in Figure 2, harmonic analysis
provides significant benefit in the case of mixed spectra, and
has been shown to be effective when applied iteratively [10].

IV. SIMULATION - UNCORRELATED INTERFERERS

Consider a simulation scenario similar to the one defined
by Zulch, et al. [5]. There are K = 6 uncorrelated jammers
located at −65o, −40o, −25o, 30o, 45o, and 60o with respect
to broadside. All jammers have a 50 dB jammer-to-noise ratio,
specified per element and the desired signal (not present in the
data) is at 0o. The arrays are linear λ/2 spacing. The noise is
spatially white.

As a metric for comparison we use the normalized SINR
loss, η, defined as the ratio of the SINR for the tested weights,
w, to the SINR of an optimal MVDR beamformer with
knowledge of the true covariance matrix R for desired steering
vector s, i.e.,

η =

∣∣wHs
∣∣2

( wHRw ) ( sHR−1s )
. (11)

For convenience in the plots we use ηdB = −10 log10(η), so
that the positive dB value in the figures represent the loss in
performance from optimal.

Two methods based on spatial spectra are considered:
a Hann-windowed averaged periodogram, and Thomson’s
MTSE method with harmonic analysis. The adaptive beam-
former weights are determined using the standard MVDR
formula R−1

ss s/
(
sHR−1

ss s
)
. The covariance matrix Rss is

replaced with the estimate obtained from Eq. (2). The perfor-
mance measured using MTSE to estimate the spatial spectrum
is labeled the multitapered adaptive beamformer (MTABF).
The Hann-windowed, averaged periodogram is labeled Hann
PSD. Performance was compared to the multi-stage Wiener
filter (MWF) [6] and sample matrix inversion with diagonal
loading (SMI w/DL).

The MWF rank was set to the minimum of 6 (the optimal
value) or the number of available snapshots. For SMI w/DL,
the loading factor was found at each test point by exhaustive
search for the best performance. MTSE used DPSS tapers with
NW = 2.
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Figure 3. The plots compare the SINR loss as a function of number of
snapshots for several methods of computing the ABF weights for this test
case. The desired signal is at broadside and not present in the data. In the
upper plot, using a 24 element array, performance for the spatial spectra
techniques is better than MWF below 10 snapshots in general, with the MTSE
with harmonic analysis as the best. In the lower plot, performance for a 32
element array (which has better resolving capability) shows the spatial spectra
techniques improving, and MTSE with harmonic analysis still best. Note that
MWF and SMI with optimal diagonal loading perform essentially identically,
and that the performance is not a function of the number of elements in the
array (it is driven by the number of interferers and snapshots). This is not the
case for spatial spectra techniques.

While Zulch used a 16-element array, this simulation com-
pares results for 24-element and 32-element arrays. At 16
elements the spatial spectra techniques suffer from the well
known problem of spectral leakage and are unable to accu-
rately estimate a “good” spectrum. Subsequently, performance
results are poor for this number of elements. For greater
number of elements, (≥ 24 in this case), the MTABF results
improve substantially. Figure 3 shows the 50th (median) and
90th percentile SINR loss curves derived from 100 trials at
each number of snapshots. The results indicate that very good
performance can be achieved using this technique for very few
snapshots for arrays of sufficient length.

V. CORRELATED SIGNAL AND INTERFERENCE

Correlated signal and interference can arise in situations of
multipath between transmitter and receiver or in the event of
“smart” jamming. This correlation introduces the potential for
signal cancellation for some adaptive beamforming algorithms.
With the both signal and interference present in the snapshot
data, the MPDR beamformer attempts to minimize power
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Figure 4. MVDR power pattern changes in the presence of correlated
interference. This example has the desired signal at 0o and one interferer
at 45o with SNR, INR = 10 dB. The upper plot has no correlation, RUNC ,
and nulls the interferer at 45o. The lower plot has ρ = 0.90, yielding RCOR,
and steers a beam toward 45o resulting in the signal cancellation effect. For
snapshot data with ρ = 0.90, RMTM does not contain the correlation
information, and R−1

MTMs follows R−1
UNCs (overlay in upper plot). For

the same data, the MWF adaptive beamformer follows R−1
CORs and exhibits

signal cancellation (overlay in lower plot).

constrained to be distortionless in the direction of the desired
signal, wMPDR ∝ R−1s [13]. MPDR allows the desired signal
through, but uses the correlated interferer to destructively
cancel the desired signal in the attempt to minimize output
power. This is known as the signal cancellation effect. Figure
4 provides an example.

Spatial smoothing techniques have been developed to deal
with correlated signal and interference at the expense of
reducing the effective aperature of the array [14][15][16].
MMSE beamformers, wMMSE ∝ R−1E {xmd∗m }, use the
correlation constructively to improve the output signal quality,
therefore they do not suffer from signal cancellation. However,
this approach is not applicable when the desired signal is
unknown.

As discussed earlier, a covariance matrix estimated using
Eq. (2) is based on the spatial spectrum and conveys no
correlation information, even if it is present in the underlying
snapshot data. This effectively mitigates the signal cancellation
effect without impacting the effective array aperature.

VI. SIMULATION - SINGLE CORRELATED INTERFERER

MTABF performance was simulated for the case of a single
correlated interferer. The SINR loss Eq. (11) used previously
is not an appropriate metric for the correlated interferer
scenario since it does not predict the impact of the signal
cancellation effect. Tsai [17] analyzed this particular problem
and developed closed form expresssions for “effective SINR”
that predict performance as a function of the individual desired
signal and interferer array manifold responses, vs and vI , their
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respective powers, Ps and PI , their correlation, ρ, the spatially
white noise power, σ2

n, and number of array elements ,N .
Effective SINR, SINRe, deliberately considers the beam-

formed output as consisting of three terms, y(m) = wHxm =
ys,m+yI,m+yn,m. ys,m is the desired signal, consisting of the
original signal and the portion of the interference correlated
with it. yI,m is portion of the interference that is uncorrelated.
yn,m is the noise. The variance of these three components
make up the effective SINR.

SINRe =
E
{
| ys,m |2

}
E
{
| yI,m |2

}
+ E

{
| yn,m |2

} (12)

SINRewas measured via simulation for a 10 element linear
array, λ/2 spacing, by varying the correlation, |ρ|, from 0 to 1
with uniformly random phase (following Example 6.12.1 [13]).
For each |ρ|, 100 trials were generated, with four snapshots
per trial. The theoretical covariance was used to determine
the MVDR beamformer, wMVDR = R−1s/

(
sHR−1s

)
, and

the average SINRe measured for the output data agreed
with the theoretical performance (see Figure 5). The MTABF
weights were determined using the same method as earlier
simulations. As seen in the Figure, MTABF performance is
constant regardless of |ρ| or INR, and maintains near optimal
performance with MVDR in the uncorrelated case. This is
accomplished without spatial smoothing therefore it does not
decrease the effective aperature of the array.

VII. SUMMARY

This paper reviewed the relationship between the spatial
spectrum and covariance for spatially-temporally stationary
narrowband space-time processes. The spatial spectrum can
be used to determine the covariance matrix, and Thomson’s
MTSE with harmonic analysis is particulary effective for esti-
mating the spatial spectrum for large arrays and low snapshot
support. Simulation showed adaptive beamformer performance
using covariance matrices, Rss, computed this way have
better performance with reduced numbers of snapshots than
the reduced rank MWF or diagonally loaded sample matrix
inversion techniques. Another useful property of this approach
is its robustness to correlated interference. This is expected
since Rss was shown to be equivalent to the uncorrelated
plane waves in noise model. This is true even if there is
correlation in the underlying data. Simulation of effective
SINR confirmed both the known signal cancellation effect
for MVDR and the robustness of MTABF in the presence of
correlated interference.
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